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Abstract. Given two Banach function spaces we study the pointwise product 
space E ■ F, especially for the case that the pointwise product of their unit 
balls is again convex. We then give conditions on when the pointwise product 
E-M{E, F) = F , where M{E, F) denotes the space of multiplication operators 
from E into F. 



Introduction. 

Let (X, be a complete ct- finite measure space. By Lq{X,ii) we will denote 
the set of all measurable functions which are finite a.e.. As usual we will identify 
functions equal almost evrywhere. A linear subspace of Lq{X,ii) is called a Kothe 
function space if it is normed space which is an order ideal in Lo{X, i.e,, if / e i? 
and \g\ < \f \ a.e., then g € E and \\g\\ < ||/||. A norm complete Kothe function 
space is called a Banach function space. Given a Kothe function space E we have 
that 

E' = {f eLo: I \fg\ < oo for all g E E} 
Jx 

is a Banach function space with the Fatou property, which is called the associate 
space of E. For a detailed treatment of Banach function spaces we refer to [22] . The 
detailed study of Banach function spaces led to the the study of Riesz spaces and 
Banach lattices, which incorporated, clarified and extended the earlier theory, see 
e.g. [231. In this paper we wil study the pointwise product E-F = {f-g: fGE,g€ 
F} of two Banach function spaces E and F. The main question we will be interested 
in is whether E ■ F is again a Banach function space. The finite dimensional case, 
i.e. the case that X consists of finitely many atoms, shows that one must impose 
some additional requirements to make this an interesting question. In this paper 
we will be requiring that the pointwise product Be ■ Bp of the respective unit balls 
of E and F is again the unit ball of a Banach function space, in which case we 
will call E ■ F a product Banach function space. In fact, one of the motivations 
of this paper was a result in a paper of BoUobas and Leader in [4] (see also [5]), 
who studied the pointwise product of unconditional convex bodies in R", which can 
viewed as a finite dimensional version of one of our results. The main examples 
of product Banach function spaces are given on the one hand by the fundamental 
result of Lozanovskii ([TB], see also [S]) which states that for any Banach function 
space E the product E ■ E' is a product Banach function space isometrically equal 
to Li{X,ii), and on the other hand by the Calderon intermediate space Ft Ft' 
which is a product Banach function space for any pair of Banach function spaces 
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and 1 < p < oo. In some sense the present paper can be viewed as providing the 
tools to show that most (if not aU) examples in the literature of product Banach 
function spaces can be deduced from one of these two examples of product Banach 
function spaces. The present paper is organized as follows. In section 1 we collect 
some, mostly elementary, results about the normability of the pointwise product of 
Banach function spaces and show that this is equivalent to having sufficiently many 
multiplication operators from E into F' . This leads us to consider, for any pair 
E and F of Banach function spaces, the Banach function space of multiplication 
operators from E into F which we denote by M{E,F), i.e., 

MiE, F) = {g e LoiX, ii):fg^F for aU / G E}, 

and the norm on M{E, F) is the operator norm 

\\9\\m(e,f) = sup{||/g||F : < !}• 

We give for non-atomic measures a result which shows that M{E, F) — {0} in 
case the upper index a{E) is less than the lower index s{F) of F. This generalizes 
the well-known result that M{Lp, L'') = {0}, whenever 1 < p < q < oo and 
fi is non-atomic. In section 2 we study the basic properties of product Banach 
function spaces. As the reader will see these results depend heavily on the above 
mentioned factorization theorem of Lozanovskii. One of the most important results 
is a cancellation result which says that if E, F and G are Banach function spaces 
with the Fatou property, and if we assume that E ■ F and E ■ G are product Banach 
function spaces such that E ■ F C E ■ G with ||/i||£;.g < C||/i||£;.f for all h G E ■ F, 
then F C G and ||/||g < CH/Hi? for all / e F. In section 3 we consider the problem 
of division. We will call the Banach function space E a factor of the Banach function 
space G if there exist a Banach function space F such that E-F — G. Lozanovskii's 
factorization theorem says that every Banach function space is a factor of Li(X, /i). 
To get uniqueness of factors this leads to the question whether E ■ M{E, G) is a 
product Banach function space and whether it is equal to G. One of the main 
results we prove is that if E and G are Banach function spaces such that there 
exists 1 < p < oo such that E is p-convex and G is p-concave with convexity and 
concavity constants equal to 1 and if E has the Fatou property, then ] E ■ M{E, F) 
is a product Banach function space and E-M{E, F) = F and E = M {M{E, F), F). 
In section 4 we presnt some application of our results. In [T] G. Bennett showed 
that many classical inequalities involving the ^^-norm can be expressed as a result 
of product Banach sequence spaces. We will show that some of his results are easy 
consequences of the results of the previous sections. 

The results of this paper and of [20] were announced at the V-th Positivity 
conference in July 2007 in Belfast. In March 2008 we learned about the preprint 
[6], where some of the results of this paper are duplicated independently of this 
paper. 

1. The normed product space 

Let E and F be Banach function spaces on {X, S, /i). We will assume that both 
E and F are saturated Banach function spaces. In this section we discuss when 
E-F = {f-g: fGE,g€z F} is a normed Kothe space. The norm, if it exists, will 
always assumed to be generated by the convex hull of the pointwise product of the 
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unit balls Be ■ Bp- In this case one can easily verify that for &\\ h & E ■ F we have 

{n n 
WfkWEhkWF : \h\ <Y,fk9k,0< h €E,0< gk £ F 
k=l fc=l 

In case the above expression defines a norm we will say that E ■ F is normable. 
From the discussion in [2l] and the fact that {E ■ F^' contains a strictly positive 
element in case E ■ F is normable, we get immediately the following proposition. 

Proposition 1.1. Let E and F be Banach function spaces on {X, Then the 

following are equivalent. 

(i) E ■ F is normable. 

(ii) There exists < g Cz Lq such that g ■ F C E' . 

(iii) There exists < g (z Lq such that g ■ E <Z F' . 

(iv) There exist disjoint measurable sets Xn with U„X„ ~ X such that F\x„ C 
E' for all n. 

(v) There exist disjoint measurable sets Xn with U„X„ = X such that C 
F' for all n. 

As condition (iv) (or (v)) holds automatically when the measure fi is atomic (we 
can take X„ to be an atom for all n), we have the following corollary. 

Corollary 1.2. Let E and F be Banach function spaces on (X, and assume 

fi is an atomic measure. Then E ■ F is normable. 

In general it is not true that E ■ F is complete, whenever E ■ F is normable, as 
can be seen from the following simple example. 

Example 1.3. Let E = F = £i. Then ii -li as a set is equal to £i , but || • \e-f ~ II • 
so that [E • F, II • IIb-f) is not complete. 

In this example and more generally, when E-F is normable, then the completion 
of (E • i^, II • ||£;._f) is the Banach envelope of the quasi-normed space E ■ F, provided 
with the quasi-norm 

inf{\\g\\E\\h\\F ■■\f\=gKO<geE,0<he F}. 

We refer to [TT] for some general remarks about the Banach envelope of locally 
bounded space with separating dual. For any pair E and F of Banach function 
spaces we denote by M{E, F) the Banach function space of multiplication operators 
from E into F, i.e., 

MiE, F) = {g e LoiX, ti):fgeF for all / G E}, 

and the norm on M{E, F) is the operator norm 

\\9\\m(e,f) = sup{||/g||F : ||/||b < 1}. 

Note that it can happen (as we will see in more detail later on), that M{E, F) = {0}. 
The following proposition relates the normability oi E ■ F to the saturation of 
M{E, F'). 

Proposition 1.4. Let E and F be Banach function spaces on {X, Then the 

following are equivalent. 

(i) E-F is normable. 

(ii) The Banach function space M{E, F') is saturated. 
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In case E ■ F is normable, then {E ■ F)' = M{E, F') = M{F, E') isometrically. 

Proof. The equivalence of (i) and (ii) is just a rephrasing of the equivalence of (i) 
and (iii) of the above proposition. Assume now that E ■ F is normable and let 
0<h(EiE- fY with \\h\\(^E-Fy < 1- Then lot < / G S and < .g G F. Then fg G 
E-F with \\fg\\E-F < ||/IUII.9||f. Hence < Jihf)gdfi < ||/||B||.g||F. This imphcs 
that hf G F' and \\hf \\F' < \\.f\\E, i-e., h G M{E,F') and ||/i||m(£;,f) < 1- This 



shows {E ■ F)' C M{E, F') and \\h\\ 



M{E.F) 



< 



\(E-F)' 



Now let < /i G M{E, F') 



with ||/i||m(b,f') < 1 and let < /i G i? • F with ||ft.||£;.F < 1- Then there exist 
Q<fi&E and gi & F with < /i < Y.l=i and Er=i WhUhiWE < 1- This 
implies 

/n „ n n 

hhdiJi<Y^ {hn)gaiJi < J2 i!^/iii^'ii5iiiF < E wmMf < 1. 
i=l •' 1=1 i=l 

Hence h e {E ■ F)' and < 1- This shows M{E,F') C {E ■ F)' and 

< II'iIImcb.f), which completes the proof that (E-F)' = M{E,F'). Since 
E-F = F-E, it also follows that {E ■ F)' = M{F, E'). □ 

Corollary 1.5. Let E he a Banach function space on (X, S,^). Then E ■ E is 
normable if and only if there exists < ft- G Lq such that E C L2{X, hdfj,). 

Proof. U E ■ E is normable, then {E ■ E)' = M{E,E') contains a strictly positive 
h. Then / f^hdfi = J fifh)dn < < oo for all / G F, i.e., E c 

L2{X,hdn). Conversely, if E C L2(X, /id/x) for some strictly positive h, then by 
Cauchy-Schwarz's inequality we have that J \ f1f2\hdiJ, < 00 for all /i,/2 S E, 
which shows that hE c E', so that E ■ E is normable. □ 

We will now show that in certain cases we have M{E, F) = {0}. First we state 
a simple lemma. 

Lemma 1.6. Let a,b,c,d,e, f be positive real numbers, such that a < b + c 
d>e + f. Then 

a (be 
d [e f 

Proof. From the assumption it follows immediately that ^ < Assume y < |. 
Then < ^. Hence ^ < ^ < □ 

e+j — e a — e+/ — e 

Recall now that a Banach lattice E Similarly a Banach lattice E is called p- 
convex for 1 < p < 00 if there exists a constant M such that for all /i , . . . , /„ € E 



< M 



if 1 < p < 00 



or ||(sup l/felllB < Mmaxi<fc<„ ||/a:||b if p = 00. Similarly E is called p-concave for 
1 < p < 00 if there exists a constant M such that for all /i, ...,/„ G 



IhfE 



< M 



if 1 < p < 00 



or maxi<fe<„ < M\\ sup l/ftlUs if p = 00. The notions of p-convexity, respec- 

tively p-concavity are closely related to the notions of upper p-estimate (strong 
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^p-composition property), respectively lower p-estimate (strong ^p-decomposition 
property) as can be found in e.g. [121 Theorem l.f.7]. Then the numbers 

<t{E) = inf(p > 1 : £' is p-concave ) 

and 

s{E) ~ sup(p > 1 : is p-convex ) 

are called the upper or lower index of E, respectively. If dim(i5) = oo, then 
1 < s{E) < a{E) < oo. We collect some basic facts about the indices of a Banach 
lattice: If a{E) < oo, then E has order continuous norm and if s{E) > 1, then the 
dual space E* has order continuous norm. Also we have 

— — - H -, — 1 and — - — - H ■ = 1. 

s{E) a{E*) a{E) s{E*) 

In case i? is a Banach function space with the (weak) Fatou property, then we have 
s{E*) = s{E') and (j{E*) = a{E'). For this and additional details see [10] and [8]. 

Lemma 1.7. Let E be a Banach function space on (X, E,/i). Assume E has 
order continuous norm and /i is non-atomic. Then for all < f Cz E there exist 
< g < f e E with g A (/ - g) = such that \\g\\E = ||/ - g\\E- 

Proof. First observe that for all < / G £^ with f ^ we can find for all e > a 
component < g < f & E with g A {f — g) — such that < ||5||_e < £■ In fact we 
can find a sequence X„ i with < ii{Xn) < ^. Then ||/xx„||£; i imphes that 
there exists uq such that ||/xx„ ||_e < £• Now let < / G -E and consider the set 
V^{geE:0<g<f,g/\{f~g)^Q, \\g\\E < \\f - g\\E}. Then ^ and with 
the ordering inherited from E it has the property that every chain in V has a least 
upper bound, by the order continuity of the norm. Hence V has a maximal element 
go. Assume H^olU < 11/ - goWs- Then take e = i(||/ - golU - llffolb)- By the 
remark in the beginning of the proof we can a component < gi < (/ — .go) of f — go 
such that llgillfi < e. One can verify now easily that 50 + 51 G 'Pi which contradicts 
the maximality of go. Hence ||5o||b = 11/ — .^olls and the proof is complete. □ 

Theorem 1.8. Let E and F be Banach function spaces on (X, E,/i) and assume 
fx is non-atomic. Then a{E) < s{F) implies that M{E,F) = {0}. 

Proof. Let cr(-E) < p < q < s(F). Then E is p-concave and F is g-convex. Renorm- 
ing E and F, if necessary, we can assume that the concavity and convexity constants 
are 1. Also p < 00 implies that the space E has order continuous norm. Let now 
< h e M{E,F) and < fo e E with \\fo\\E > 0. By the above lemma we 
can write /o = 50 + ho with go A ho = and such that H^oIIb = II^oIIb- By the 
p-concavity we have ||/|||; > ||5o|||; + ll^olll = 2||5o|!p and by the g-convexity of F 
we have ||/i/o|!|;- < II^5o|If + ll^i/iollF- It follows now from Lemma [1.61 that there 
exists /i equal to either go or ho such that 

\\hm^\\hhn 
whfE - wfofE ■ 

By induction we can now find fn+i > such that ||/n||^ > 2||/„-|_i||p and 

\\hfn+l\\'F ^ WnWl 
ll/n+lll^ - WfnfE ■ 
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Assume now that hfo ^ 0. Then we have 

W'f'W AT/ IP IP\ 



> -r. — TTTT^ ■ 2 p ■ > 00, 

\e 

which is contradiction. Hence hfo = for all fo G E and thus = 0. □ 



Corollary 1.9. Let E and F be Banach function spaces on (X, and assume 



ji is non-atomic. Then — fW H — tW > 1 implies that E ■ F is not normahle. 



Proof. From ^ + ^ > 1, it follows that ^ > 1 - ^ = ^^iyj. Hence by 
the above proposition M {E, F') — {{)]. □ 

2. Product Banach function spaces 

As seen from the examples in the previous section it can happen that i? • _F is a 
normed Kothe space, but is not complete. To better understand when ■ F is a 
Banach function space we need the Calderon construction of intermediate spaces, 
which was studied and extended by Lozanovskii. Let E and F be Banach function 

spaces on {X, fi). Then for 1 < p < cxd the Banach function space Ep Fp' is defined 

1 j_ 

as the space of all f £ Lq such that |/| = I5I ^ for some g ^ E and h ^ F. The 
1 1 

norm on Ep Fp^ is defined by 

11/11 , 1 =inf{||.g|||||/j||f for some geE,heF} 

Ep F p 

= inf{A : 1/1 = Alg|^|/i|?^, ||.glb < 1, < 1}. 
i 1 . . 

It is well-known that EpFp^ is again a Banach function space, moreover it has 

order continuous norm if at least one of E and F has order continuous norm. Also 

j_ 1 

EpFT' has the Fatou property if both E and F have the Fatou property. The 
above construction contains as a special case the so-called p-convexication of E by 

1 i -V 1 

taking F ~ Loo- We will denote this space by i?p, since as sets EpLSo — Ep. 

1 i 1 

Note that the norm on Ep is given by |||/|^|||; for all / G Ep . This implies that 

11 11 

the space Ep F~p^ = Ep ■ F~p^ as defined in the previous section and that 
11/11 i I =inf{||.9|| . : \f\^\g\-\h\,geE-p.heFV}. 

Ep -Fp Ep Fp 

In particular the pointwise product of the unit balls B 1 and _B j_ is convex. Let 

Ep Fp' 

again E and F be Banach function spaces on (X, S,^). Assume that E ■ F \s & 
normable Kothe function space. Then we will say that E ■ F is a, product Banach 
function space ii E ■ F is complete and the norm on _E • is given by 

WfWE.F = inf{||.g||B|l/i|li. ■.\f\=gh,0<g^E,Q<he F}, 

i.e., the pointwise product Be ■ Bp of the unit balls of i?, respectively F , is convex. 

j_ 1 . 

From the above discussion it is clear that Ep ■ FT' is a product Banach function 
space. Also the fundamental result of Lozanovskii ([13], see also |9]) is that for any 
Banach function space E the product E ■ E' is a. product Banach function space 
isometrically equal to Li(X, /x). We first show that completeness can be omitted 
from our definition of product Banach function space. Then we will recall from [50] 
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that more generally the pointwise product Be ■ Bp of the unit balls Be and Bp 
is closed with respect to a.e. convergence in case the norms on E and F have the 
Fatou property. Recall that \i E ■ F \s a. normable Kothe space, then ioi f E E ■ F 
the quasi-norm of / g ■ F is given by 

PE-Fif) = inf{||g||B||/^||F ■■\f\=9K0<geE,0<heH}. 

Note that ||/||£;._f(/) < PE-rif) and equality holds if and only if Be - Bp is convex. 
In the next theorem we will need the p-concavification of a Banach function space. 
If E is p-convex for some p > 1, then we can define the p-concavification E^ by 
f E EP if f E Lq{X,ii) such that \f\P G E. If the convexity constant is equal to 

one, then ||/||_ep — \\ |/|''|||; is a norm on E^ and E^ is complete with respect to 
this norm (see ^12,). 

Theorem 2.1. Let E and F be Banach function spaces and assume that pe f *s « 
norm. Then E ■ F is complete with respect to pe f, i-e. E ■ F is a product Banach 
function space. 

Proof Let G = E2F2. Then G is a Banach function space and G is the 2- 
convexification of the normed lattice E ■ F with the norm pe f- In particular G 
is 2-convex with convexity constant equal to one. Now E ■ F is isometric to the 
2-concavification of G and thus E ■ F is complete. □ 

Corollary 2.2. Let E and F be Banach function spaces. Then E ■ F is a product 
Banach function space if and only if E^ F^ is 2-convex with convexity constant one. 
In particular E ■ E is a product Banach function space if and only if E is 2-convex 
with convexity constant one. 

From [50] we have the following result. 

Theorem 2.3. Let E and F be Banach function spaces with the Fatou property. 
Then Be ■ Bp is closed in Lo[X,^) with respect to a.e. convergence. If addition 
Pe p is a norm, then E ■ F is a product Banach function space with the Fatou 
property. 

The following theorem says for product Banach function spaces defined by Ba- 
nach function spaces withe the Fatou property that the infimum in the definition 
of the norm is actually attained. 

Theorem 2.4. Let E and F be Banach function spaces with the Fatou property and 
assume that E ■ F is a product Banach function space. Then for all < f E E ■ F 
there exist < g E E and < h E F such that f — gh and ||/||_b.f = IIsIIeII^IIf- 

Proof Let < f E E ■ F with \\f\\E-F = 1- Then there exist < 5„ G E, 
< hn E F with / = gnhn and \\gn\\E < 1 + \\hn\\F < 1 + ^ for all n > 1. 
From Komlos' theorem for Banach function spaces and a theorem on products 
of Cesaro convergent sequences (see it follows that there exist subsequences 
{grik} and {hn^} and g E E with {guk} Cesaro converges a.e to g and {hn,^} Cesaro 
converges a.e to h such that / < gh. Replacing ft, by a smaller function we can 
assume / = gh. Moreover 

ll^(5«.+---3«JII^<^(l + ^ + --- + l + ^)<l + ^ 

implies that \\g\\E < 1- Similarly \\h\\p < 1. As H/Hf-f < ||5l|F||ft||F this implies 
that \\g\\E = 1 and ||/i||f = 1. 
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□ 

Theorem 2.5. Let E, F and G he Banach function spaces with the Fatou property. 
Assume that E ■ F and E ■ G are product Banach Junction spaces such that E ■ F C 
E ■ G with \\h\\E.G < C\\h\\E.F for alike E-F. Then F C G and ||/||g < C\\f\\F 
for all f GF. 

Proof li < f e F, then there exist < /„ j / such that /„ e F n G. Hence 
if II/IIg < C'II/IIf for all / e F n G, then the same inequality holds by the Fatou 
property for all f e F. Assume therefore that there exists < / S F n G such that 
||/||g > G||/||i?. By normalizing we can assume that ||/||f = 1 and thus ||/||g > G. 
Then there exists < g E G' such that Gi = J fg dfi > C and ||5||g' < 1- Now 
-^fg G with ll^/^lli = 1, so by Lozanovskii's theorem there exist < /i £ F 
with II/iIIb < 1 and < gi £ E' with H^iHb' < 1 such that ^fg — /iffi- It follows 
now that 

/ fh'^fh! dpi = ^ [ fgdfi = c\. 
J ci J 

On the other hand fif G E ■ F with ||/i/||£;._f < < 1 implies that 

ll/i/lb-G < G. Hence for G < G2 < Gi there exist /2 € F with H/sUb < 1 and 
(?2 G G with ||g2||G ^ G2 such that fif — /2(72- This implies that 

J fh^f?9idn=J gjg^glf2di^< (^J 92gd^?j (^j 31/2^^^ 

< ii52iilii3iiiiiffiiiiii/2iii < g| <Gf, 

which is a contradiction. □ 

Corollary 2.6. Let E, F and G be Banach function spaces with the Fatou property. 
Assume that E ■ F and E ■ G are product Banach function spaces with E ■ F = E ■ G 
isomorphically (or isometrically) . Then F = G isomorphically (or isometrically) . 

Note that the above corollary is no longer true if we drop the assumption of 
the Fatou property, we have e.g. that li ■ cq — li ■ l^o — (i- However the same 
proofs would give that F" C G" in the above theorem and F" = G" in the above 
corollary, if we omit the hypothesis of the Fatou property for the spaces F and 
G. Moreover in the above theorem and corollary we can omit the hypothesis that 
E has the Fatou property by using Lozanovskii's approximate factorization (this 
introduces a 1 + e term in the factorization). The proof of the above theorem was 
inspired by a proof of 2 , who used it to give an alternative proof of the uniqueness 
theorem of the Calderon-Lozaonovskii interpolation method as given in [^. The 
following proposition provides a strengthening of the above corollary and seems to 
be new even for Calderon spaces. 

Proposition 2.7. Let Ei, F2, Fi and Fi be Banach function spaces with the Fatou 
property. Assume that Fi • Fi and E2 ■ F2 are product Banach function spaces such 
that Fi • Fi = F2 • F2 isomorphically (or isometrically) and Ei C F2,Fi C F2 (or 
additionally with norm 1 inclusions). Then Fi — F2 and Fi F2 isomorphically 
(or isometrically). 

11 1 i 11 
Proof. Observe that E2 ■ F^ D E^ ■ F^ — E^ ■ F2 implies by the above corollary 

F-l D F2 . Hence Fi D F2. This implies that Fi is isomorphic (or isometric) to F2. 
Similarly the conclusion holds for Fi and F2, which completes the proof. □ 
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We will now show how the above results can be used to derive an alternative proof 
of Lozanovskii's duality theorem (see [13], [14], [16], [18], and [19] for additional 
information concerning this duality in the more general case) for Calderon product 
spaces of Banach function spaces with the Fatou property. 

Theorem 2.8. Let E and F be Banach function spaces with the Fatou property. 
Assume that E ■ F is a product Banach function space. Then F — M{E,E ■ F) 
isometrically. 

Proof Let f G Be and g e F. Then ||/5||b.f < ||/lbll.9lk < MIf shows that 
F C M{E,E-F) and Bp <Z Bm(e,f)- Hence Be ■ Bp C Be ■ Bm(e,f)- On the other 
hand by the definition of the norm of M{E, E ■ F) we have that Be ■ Bj^-^e.e-f) 
Be f — Be ' Bp. Hence Be ■ Bp = Be ' -Bm (E,E-F)- This shows that i;-M(£;,i;-i^) 
is a product Banach function space isometric to E ■ F. From the above corollary 
we conclude that F = M{E, E • F) isometrically. □ 

We note that if E is p-convex and F is p'-convex, then the above theorem reproves 
Theorem 3.5 of [7], which was the main tool used there to prove the uniqueness 
theorem of the Calderon-Lozaonovskii interpolation method. The next theorem is 
a special case of Lozanovskii's duality theorem. 

Theorem 2.9. Let F be a Banach function space and let \ < p < oo. Then 
(F^y = (F')Hf ^{F')^ - Lp,. 

Proof. From Lozanovskii's factorization theorem we have isometrically Fp (FpY — 
Li. On the other hand Fp {{F')p ■ Lp^ = {F ■ F')p ■ Lp' = pf ■ Lp. = Li 

isometrically. Hence by the above corollary {Fp)' = {F')p - Lpi isometrically. Note 
that both spaces {Fp)' and {F')p ■ Lpi have the Fatou property, and by the remark 
above we do not need the Fatou property for E. □ 

In the following theorem we provide a simple proof of Lozanovskii's duality 
theorem for the case of Banach function spaces with the Fatou property. 

Theorem 2.10. Let E and F be Banach function spaces with the Fatou property 
and let 1 < p < oo. Then 

(^EpF^y = {E')p{F')y. 

/ i_ j_ \ ' 1 1 

Proof. From Proposition [Ll] it follows that {EpFp' ) = M{Ep ,{F'?)'), which 

J. i i i 

by the above theorem is equal to M{Ep , {F') p' ■ Lp). Now M{Ep , {F') p' ■ Lp) = 

M{Ep,Ep{E')p ■ {F')7') = M{Ep,Ep ■ {E')p{F')y) = {E')p{F')V by Theorem 

1211 □ 

Corollary 2.11. Let F be a Banach function space and let 1 < p < oo. Then 
= {F")i:. 

1 1 i 

Proof. By Theorem 12.91 we have that {Fp)' ~ {F')pL^ . Hence by the above 
theorem {Fp)" = {F")p{L^)y = {F")p. 

□ 
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3. Factors of Banach function spaces 



Besides considering products of Banach function spaces one can consider the 
problem of division. We wiU caU the Banach function space E a factor of the Banach 
function space G if there exist a Banach function space F such that E ■ F = G. 
Lozanovskii's factorization theorem says that every Banach function space is a 
factor of Li{X, ji). As the example ■ cq — ■ too ~ shows, the space F is not 
unique, if no additional requirements are imposed. Now E ■ F = G implies that 
F C M{E, G) and thus E ■ M(E, G) = G. Therefore it is natural to assume that 
F — M{E, G) and that the norm on F is given by the operator norm of multiplying 
E into G. We will first determine the factors of Lp and for that reason we first 
derive some elementary properties of M {E, Lp). 

Proposition 3.1. Let E be a Banach Junction space. Then M{E, Lp) is a p-convex 
Banach function space with convexity constant one. 

Proof. Let < e AI [E, Lp) for 1 < fc < n and let < g G Then 



Y.^hg)" 



\k=l 



WhgWl 



\k=l 



< 



Hence M {E, Lp) is p-convex with convexity constant one. 



□ 



In Theorem l2.9l we saw a description of the Kothe dual of the p-convexification of 
a Banach function space. In the following theorem we characterize the Kothe dual of 
the p-concavification of a Banach function space by means of the p-concavification 
of the p-convex space M{E, Lp). 

Theorem 3.2. Let E be a Banach function space and assume E is p-convex 
for some p > 1 with convexity constant one. Then the Kothe dual (EP)' of the 
p-concavification E^ of E is isometric with the p-concavification M{E, Lp)P of 
M{E,Lp). 



Proof. Let < / G io- Then we have 



I (BP)/ = sup 



\EP 



< 1 



sup |||/|^|5l|IMl5ll 



< 1 



IP 

\M(E.Lp) 
\m(E,Lj,)v 



This identity proves the theorem. 



□ 



Theorem 3.3. Let E be a Banach function space with the Fatou property and let 
1 < p < oo. Then the following are equivalent. 
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(i) E is p- convex with convexity constant one. 

(ii) E ■ M{E, Lp) is a product Banach function space and E ■ M{E, Lp) = Lp. 

(iii) M{M{E,Lp),Lp)=E. 

Proof. Assume first that E is p-convex with convexity constant one. Then by 
the above theorem {E^y = M{E,Lp)P. Thus by Lozanovskii's theorem E^ ■ 
M{E,LpY = L\. Now taking the p-convcxication on both sides we see that (ii) 
holds. Now assume (ii) holds. Then M(E, Lp) is a p-convex Banach function 
space with the Fatou property and Lp> is p'-convex with the Fatou property, so 
M{E, Lp) ■ Lp' is a product Banach function space with the Fatou property. Now 
by (ii) wc have that E ■ (M (E, Lp)-Lp') = Lp- Lp' = Li . Hence E' = M{E, Lp) ■ Lp' . 
From this it follows, using Lozanovskii's duality theorem, that 

M{M{E,Lp),Lp) = [iM{E,Lp)Py]^ 

= [{M{E,Lp)P)f^{L^)V 

= {M{E,Lp)-Lp')' = E" ^E. 

Hence (iii) holds. Assume now that (iii) holds. Then E is p-convex, since M{F, Lp) 
is p-convex for any Banach function space F. □ 

Note that the p = 1 case of the above theorem is Lozanovskii's factorization 
theorem, which also shows that as stated we can not drop the assumption that E 
has the Fatou property. The p = 1 case and the above proof suggest however that 
there might be a version without the Fatou property, if we replace in (iii) the space 
E on the right hand side by E" . We were not able to establish this in general, but 
one important special case follows. 

Theorem 3.4. Let E be a Banach function space with order continuous norm and 
let 1 < p < oo. Then the following are equivalent. 

(i) E is p-convex with convexity constant one. 

(ii) E ■ M{E, Lp) is a product Banach function space and E ■ M{E, Lp) = Lp. 

(iii) M{M{E,Lp),Lp) = E". 

Proof. An inspection of the above proof shows that the only step which needs 
modification is the proof that (iii) implies (i). Prom (iii) it follows that E" is p- 
convcx. This implies that E is p-convex, since the order continuity of the norm on 
E implies that \\f\\E = \\f\\E" for aU f e E. □ 

As is clear from the above proof the difhculty in establishing the above theorem 
without any additional assumption on E is to show that if E" is p-convex, then E 
is p-convcx. One can observe that if E" is p-convex, then (£"')* is p'-concave, so 
also E' = E'" is p'-concave. The difficulty is then to show that this implies that E 
is p-convcx without any additional hypotheses. 

Corollary 3.5. Let E and F be Banach function spaces. Assume that F = 
M{E,Lp) and E = M{F,Lp) for some 1 < p < oo. Then E ■ F is a product 
Banach function space and E ■ F = Lp. 

Proof. Since Lp has the Fatou property it follows that M{E, Lp) and M{F, Lp) 
have the Fatou property. Moreover E = M{F, Lp) implies that E is p-convex and 
the result follows. □ 
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Remark. The above corollary can be rephrased as follows. If K and L are uncon- 
ditional convex bodies in Lq, which are both maximal for the inclusion K ■ L d Bl^,, 
then K ■ L — Bl ■ This result for unconditional convex bodies in M" was proved by 
BoUobas and Leader in [4J (see also [5 ) by a completely different method. We also 
note that the above Theorem 13.31 provides a partial answer to Question 2 of [15] , 
where it was asked (with a different notation): for which Banach function spaces 
E and G with G ^ Li is it true that M{M(E, G),G) = E. We will provide a more 
general answer later on. 

One can conjecture more general versions of the above corollary and in fact this 
was done for finite dimesional unconditional bodies in and [5j. One of such 
conjectures was answered in the negative in Theorem 6 of [5]. We will present the 
answer to another such conjecture, Conjecture 7 of [5 , which was already answered 
in the negative in [3]. Our example is essentially the same as the one in [21, but 
does not use any graph theoretical techniques. 

Example 3.6. Let X = M'^ with the counting measure. Define E = M.^ with the 
norm ||a;||£; = max{|xi| + |a;2|,|a;3|} and G — M.^ with the norm \\z\\g = \zi\ + 
max{|z2|, l^sl}- Let F = M{E,G). To compute \\y\\F we shall use the well-known 
fact that a convex function attains its maximum on a compact convex set at an 
extreme point of the compact convex set. 

\\y\\F = max{|a;i?;i| + max{\x2y2\, IxsVsl} ■ l^sl < 1, |a;i| + \x2\ < 1} 

= max{|xi?;i| -I- max{|a;22;2|, Ivsl} ■ \xi\ + \x2\ < 1} 

= niax{|?;i| + jya], max{|y2|, Ivsl}} = raax{\yi\ + \y3\, lysl}- 

Noting the symmetry in the norms of E and F wc see immediately that E — 
M{F,G). We shall show now that Be ■ Bp is not convex, so that E ■ F is not a 
product Banach function space. Observe that (1, 0, 0) = (1, 0, 0) • (1, 1, 0) € Be ■ Bp 
and (0,1,1) = (0,1,1) • (0,1,1) g Be ■ Bp. We claim that (5,5,5) = 5(1, 0,0) + 
5(0,1,1) ^ Be ■ Bp, while it is clear that (5,5,5) G Bq- Assume (5,5,5) = 
{xiyi,X2y2,X3y3), where < {xi,X2,X3) £ Bp and < (2/1,2/2,2/3) G Bp. Then 
||a;||_E < 1 and \\y\\p < 1 imply that Xi < 1 and yi < 1 for i = 1,2,3. Now X2y2 = 5 
implies that either X2 — ^ and 2/2 = 5, or 2:2 = 5 and 272 = 1- li X2 = 1, then 
xi = 0, contradicting xiyi = i and if 2:2 = 5, then xi — ^. so ?/i = 1 which implies 
2/3 = 0. contradicting 2:32/3 = 5. Hence (5, 5, 5) ^ Bp ■ Bp. We also observe also 
that Bg is the convex hull oi Bp-Bp. To see this one can check very easily that the 
intersections of Bp ■ Bp and Bg with each of the coordinate planes coincide. Now 
the positive part of the ball Bg is the convex hull of the intersections of Bp+ ■ Bp+ 
with each of the coordinate planes and the line segment connecting (1,0,0) and 
(0, 1, 1), so Bg is the convex hull of Bp ■ Bg- We illustrate this by the following 
picture, which shows part of Bp ■ Bp. 

To get a dual version of Theorem 13.31 we present first a more general duality 
result. 

Theorem 3.7. Let E and F be Banach function spaces withe the Fatou property. 
If E ■ F — G is a product Banach function space, then E ■ G' is a product Banach 
function space and E ■ G' = F' . 

Proof. It is easy to see that G is a Banach function space with the Fatou property. 
Now E^ ■ F^ = G^ implies that E'^F'^- = G'i ■ L2. Hence E^ ■ E'^F'i = 
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• G"2 ■ L2, which can be written as L2 ■ F'i — [E^G'^) ■ L2- One can check 
then that || • ||^^ ^,1 = P^^i^,! ).^^(-), and thus ^(^1^4^.^^ is a norm. Thus 

is a product Banach function space with the Fatou property. Hence 
F'2 = E^G'^ . This shows that E^G'^ is 2-convex with convexity constant 1 and 
thus • G" is a product Banach function space. From F'2 — E^G'^ it foUows then 
that F' = E- G'. 

□ 

The following theorem gives a more general sufficient condition for E-M{E, F) = 
F andE = M{M{E, F), F) to hold. 

Theorem 3.8. Let E and F he Banach function spaces such that there exists 
1 < p < 00 such that E is p-convex and F is p-concave with convexity and concavity 
constants equal to 1 and assume E has the Fatou property. Then the following hold. 

(i) E ■ M{E, F) is a product Banach function space and E ■ M{E, F) — F. 

(ii) E = M{M{E,F),F). 

Proof. For the proof of (i) observe first that F' is p'-convex, so that E ■ F' — 

{EP)p (^F'P ^ is a product Banach function space with the Fatou property. Let 
G ^ E ■ F'. Then by Theorem O we have that E ■ G' = F' . From the results 
in section 1 we have that G' ^ [E ■ Fp')' ^ M{E,F") = M{E,F). Hence E ■ 
M{E, F) — F. This shows that (i) holds. To prove (ii) note that by (i) we have 
M{E.F) ■ F' = E'. Hence M{M{E, F),F) = {M{E, F) ■ F')' = E" ^ E. □ 

Theorem 3.9. Let F be a Banach function space with the Fatou property and let 
1 < p < 00. Then the following are equivalent. 

(i) F is p-concave with concavity constant one. 

(ii) M{Lp, F) ■ Lp is a product Banach function space and M{Lp, F) ■ Lp — F . 

Proof. Part (i) follows by taking E — Lp in the above theorem. Now assume (ii) 
holds. Then F' = {M{Lp, F) ■ Lp)' = M{M{F', Lp,),Lp,) is p'-convex, and thus F 
is p-concave. □ 

As an application of the previous theorems we present a corollary, which reproves 
Theorem 1 of [17]. We shall only present the isometric case. 

Corollary 3.10. Let 1 < p < q < 00 and let s be defined by ^ — — ^. Then the 
following are equivalent. 

(i) E is p-convex and q-concave with convexity and concavity constants equal 
to L 

(ii) M{Lq, E)-M{E, Lp) is a product Banach function space andLs ~ M{Lq,E)- 
M{E,Lp). 

Proof. Assume (i) holds. Then E is g-concave ioi q < 00, so E has the Fatou 
property (see [5]). Hence by the above theorem we have that Lq ■ AI{Lq,E) = E. 

This implies that L| • M{Lq,E)^ ■ M{E,Lp)i = E^ ■ M{E,Lp)i = l|, since 

11 1 

E is p-convex. On the other hand also by Holder's inequality Lq ■ L'i = Lp . 
Hence M{Lq,E)i ■ M{E,Lp)i = £| = by Corollary [Ml This implies that 
M{Lq,E)i ■ M{E,Lp)^ is 2-convex, so that M{Lq,E) ■ M{E,Lp) is a product 
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Banach function space and Ls = M{Lq, E) ■ M{E, Lp). Now assume (ii) holds. We 
will use then that Lq ■ Lpi — Ls' to get that 

L2 = ^ [Lq ■ M{Lq,E))^ ■ (Lp, ■ M{E,Lp))^ C E^ ■ [E')^ = L2. 

It follows now from Proposition O that Lq ■ M [Lq, E) ^ E and Lp/ ■ M {Lp, ,E') ^ 
E' . This implies that E is g-concave and E' is p'-concave. As E is g-concave for 
q < 00, E has the Fatou property and it follows that E = E" is p-convex. 

□ 



4. Applications 

In [T] G. Bennett showed that many classical inequalities involving the i'p-norm 
can be expressed as product Banach sequence spaces. We will show that some of 
his results are easy consequences of the results of the previous sections. We start 
with his result about the spaces d(a.,p) and g{a.,p). Let a = (ai, 02, • • • ) be a non- 
negative sequence of real numbers with ai > 0. Define An ~ ai + ■ ■ ■ a„ . Then for 
p>l the Banach sequence spaces d{a,p) and g{a,p) are defined as follows: 

d{f^,p) = {x : ||x||d(a,p) < 00}, 

where 

Coo \ p 

a„ sup 
n=l / 

and 

5(a,p) = {x : ||x||g(a,p) < 00}, 

where 




lg(a,p) = sup — 



Theorem 4.1. Let I <p < 00. Then d(a, p) ■ g(a.,p) is a product Banach sequence 
space and d{a.,p) ■ g(a,p) — ip. 

Proof. It suffices to prove the theorem for p — I. The general result follows 
then by p-convexication. To prove the theorem for p = 1 we need only show, 
by Lozanovskii's factorization theorem, that d{a, 1)' = ^(a, 1). For the inequality 
l|y||d(a,i)' < l|y||g(a,i) ^6 refer to the first part of the proof of Theorem 3.8 of J]. 
For the reverse inequality observe that 



I 1 

^y"|y/=l < 11^(1, 1,--- ,i,o,---)IU(a,i)l|y|U(a4)' = llylU(a,i)' 

for all n>l, which proves ||y||d(a4)' = ||y|lg(a,i)- 1^ 



Remark. The above theorem reproves Theorem 3.8 of [I]. There the factorization 
was proved directly by a lengthy argument. 

A direct consequence of Theorem 13.71 and the above theorem is the following 
theorem, which corresponds to Theorems 12.3 and 12.22 of [1], where again direct 
proofs were given. 
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Theorem 4.2. Let 1 < p < oo. Then 

d{a.,p)' ip, ■g{a.,p), 

and 

g{a,py = £p, ■ d{a,p), 
where the right hand sides are product Banach sequence spaces. 

Next we will show how another theorem of pLj is a direct consequence of the 
results of the previous section. In this case we will present the result for arbitrary 
cr-finite measure spaces as that will allow us to consider arbitrary order continuous 
operators. Let L C Lq{X, p) be an order ideal, which has the property that for each 
measurable set A of positive measure contains a measurable subset B of positive 
measure such that xb G L. Let 1 < p < oo and T : L Lp he a. strictly positive 
order continuous linear map. Then there exists a maximal order ideal Dp C Lq 
such that T{'Dp) C Lp. Define = llT'd/DUp- Then it is straightforward to 

see that this defines a norm on Pp with the Fatou property. Hence "Dp is a Banach 
function space with respect to the norm || • Wv-p- 

Theorem 4.3. The Banach function space Dp is p-concave with concavity constant 
equal to 1. Hence Lp ■ M{Lp,Vp) is a product Banach function space and T>p = 
Lp-M{Lp,Vp). 

Proof. Let < /i, • • • , /„ G T>p. Let < ak such that '^k — ^- Then have 

j:^kTfk^T(j2^>^h]<T((j2fry] a.e. 



fe=i 



^fe=i 



By taking then the supremum over a countable dense set of the positive unit ball 
of £p' (n) we get that 



< T 



\k=l 




a.e. 



Taking Lp-norms on both sides we get 

/ n \ p 



< 



V/c=l 



\k=l 



i.e., Vp is p-concave with concavity constant equal to 1. The remaining statements 
follow now from Theorem 13. 91 

□ 



In [T] the factorization in the above theorem was proved for Banach sequence 
spaces as part of Theorem 17.6 by a completely different method, using Maurey's 
factorization theorem. With essentially the same argument as used above we can 
extend the above theorem by replacing Lp by a p-concave Banach function with 
concavity constant equal to 1. We leave the details to the reader. 



16 



ANTON R. SCHEP 



References 

[1] Grahame Bennett, Factorizing the classical inequalities, Mem. Amer. Math. Soc. 120 (1996), 
no. 576, viii+130. 

[2] Evgcnii I. Berezhnoi and Lech Mahgranda, Representation of Banach ideal spaces and fac- 
torization of operators, Canad. J. Math. 57 (2005), no. 5, 897-940. 

[3] B. BoUobas and G. R. Brightwell, Convex bodies, graphs and partial orders, Proc. London 
Math. Soc. (3) 80 (2000), no. 2, 415 - 450. 

[4] B. BoUobas and L Leader, Generalized duals of unconditional spaces and Lozanovskii's the- 
orem, C. R. Acad. Sci. Paris Ser. I Math. 317 (1993), no. 6, 583 - 588. 

[5] , Products of unconditional bodies. Geometric aspects of functional analysis (Israel, 

1992-1994), Oper. Theory Adv. Appl., vol. 77, Birkhauser, Basel, 1995, pp. 13 - 24. 

[6] J.M. Calabuig, O. Delgado, and E.A. Sanchez Perez, Generalized perfect spaces. Preprint, 
2008. 

[7] M. Cwikcl, P. G. Nilsson, and G. Schcchtman, Interpolation of weighted Banach lattices. 
A characterization of relatively decomposable Banach lattices, Mem. Amer. Math. Soc. 165 
(2003), no. 787, vi - 127. 
[8] P. Dodds, Indices for Banach lattices, Nederl. Akad. Wetensch. Proc. Ser. A 80=Indag. Math. 

39 (1977), no. 2, 73 - 86. 
[9] T. A. Gillespie, Factorization in Banach function spaces, Nederl. Akad. Wetensch. Indag. 
Math. 43 (1981), no. 3, 287 - 300. 
[10] J. J. Grobler, Indices for Banach function spaces. Math. Z. 145 (1975), no. 2, 99 - 109. 
[11] N. J. Kalton, N. T. Peck, and James W. Roberts, An F-space sampler, London Mathematical 

Society Lecture Note Scries, vol. 89, Cambridge University Press, Cambridge, 1984. 
[12] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. II, Ergebnisse der Mathematik 
und ihrer Grenzgebiete [Results in Mathematics and Related Areas] , vol. 97, Springer- Verlag, 
Berlin, 1979. 

[13] G. Ya. Lozanovskii, On some Banach lattices, Siberian Math J. 10 (1969), 419—431. 

[14] , On some Banach lattices. IV, Sibirian Math J. 14 (1973), 97-108. 

[15] Lech Maligranda and Lars Erik Persson, Generalized duality of some Banach function spaces, 
Nederl. Akad. Wetensch. Indag. Math. 51 (1989), no. 3, 323-338. 

[16] Y. Raynaud, On duals of Calderon-Lozanovskii intermediate spaces, Studia Math. 124 

(1997), no. 1,9- 36. 

[17] S. Rcisner, A factorization theorem in Banach lattices and its application to Lorentz spaces, 

Ann. Inst. Fourier (Grenoble) 31 (1981), no. 1, viii 239 255. 
[18] , On two theorems of Lozanovskii concerning intermediate Banach lattices. Geometric 

aspects of functional analysis (1986/87), Lecture Notes in Math., vol. 1317, Springer, Berlin, 

1988, pp. 67 - 83. 

[19] , Some remarks on Lozanovskyi's intermediate normed lattices. Bull. Polish Acad. 

Sci. Math. 41 (1993), no. 3, 189 - 196 - 1994. 

[20] Anton R. Schep, Products of cesaro convergent sequences with applications to convex solid 
sets and integral operators, Submitted. 

[21] Anton R. Schep, Convex solid subsets of L()(X,n), Positivity 9 (2005), no. 3, 491-499. 

[22] A. C. Zaancn, Integration, Completely revised edition of An introduction to the theory of 
integration, North-Holland Publishing Co., Amsterdam, 1967. 

[23] , Riesz spaces. II, North-Holland Mathematical Library, vol. 30, North-Holland Pub- 
lishing Co., Amsterdam, 1983. 

Department of Mathematics, University of South Carolina, Columbia, SC 29208 
E-mail address: schepSmath. sc.edu 



